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KUGA-SATAKE ABELIAN VARIETIES IN POSITIVE
CHARACTERISTIC
JORDAN RIZOV
Abstract. Kuga and Satake associate with every polarized complex K3 surface (X,L)
a complex abelian variety called the Kuga-Satake abelian variety of (X,L). We use
this construction to define morphisms between moduli spaces of polarized K3 surface
with certain level structures and moduli spaces of polarized abelian varieties with level
structure over C. In this note we study these morphisms. We prove first that they
are defined over finite extensions of Q. Then we show that they extend in positive
characteristic. In this way we give an indirect construction of Kuga-Satake abelian
varieties over an arbitrary base. We also give some applications of this construction to
canonical lifts of ordinary K3 surfaces.
Introduction
When studying algebraic curves one constructs an abelian variety, called the Jacobian of
the curve. The geometry of this abelian variety describes properties of the curve. Here, we
consider a similar construction for K3 surfaces. Namely, we assign to every polarized K3
surface an abelian variety with certain properties, called its Kuga-Satake abelian variety.
Let us explain briefly the construction of these varieties over C due to Kuga and Satake.
Starting with a polarized complex K3 surface (X,L) one considers the second primitive
Betti cohomology group
P 2B(X,Z(1)) := c1(L)⊥ ⊂ H2B(X,Z(1)).
The orthogonal complement is taken with respect to the Poincare´ pairing on H2B(X,Z(1)).
Using the polarized Z-Hodge structure on P 2B(X,Z(1)) one defines a polarized Z-Hodge
structure of type {(1, 0), (0, 1)} on the even Clifford algebra C+(P 2B(X,Z(1))
)
. One might
think of this construction as “taking a square root of a Hodge structure”. Such a Hodge
structure corresponds to a complex abelian variety A, called the Kuga-Satake abelian
variety associated to (X,L). Using Kuga-Satake varieties one can deduce some properties
of K3 surfaces, mostly of motivic nature, from the corresponding properties of abelian
varieties.
At this point one may ask whether one can use this construction to define Kuga-Satake
abelian varieties over subfields of C. Or whether one can construct Kuga-Satake abelian
schemes starting with families of polarized K3 surfaces. One can find some answers in [7]
and [1]. One can go even further and ask whether one can define Kuga-Satake abelian
varieties in positive characteristic. We combine all these questions in one, which was
originally the motivation for our work.
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Question. Can one define Kuga-Satake abelian varieties using only methods of algebraic
geometry without making use of complex analytic constructions?
Up to isogeny a positive answer to this question can be found in Theorem 7.1 in [2] and
Theorem 1.5.1 in [1]. We refer also to Chapter 9 and 10.2.4 in [3]. Starting with a polarized
K3 surface (X,L), Y. Andre´ constructs a “motive” which is isomorphic to the motive of
the Kuga-Satake abelian variety of (X,L). The construction is purely algebro-geometric.
Here we solve a modification of this problem. Namely, we will be interested in a
Kuga-Satake construction over an arbitrary base without putting any restriction on the
“methods”. The reason is that we use the existing transcendental construction as a
starting point. We explain this in more detail.
P. Deligne gives an interpretation of the Kuga-Satake construction in terms of the
adjoint representation homomorphism CSpin(2, 19) → SO(2, 19) and the spin represen-
tation homomorphism CSpin(2, 19) →֒ CSp2g, where g = 219 (see §§3 and 4 in [7]).
We consider the morphisms, between the Shimura varieties associated to the groups
CSpin(2, 19), SO(2, 19) and CSp2g, defined by the adjoint and the spin representations.
Putting together these maps and the results of [28], for every n ≥ 3, we define a Kuga-
Satake morphism
fksd,a,n,γ,En : F2d,nsp ⊗En → Ag,d′,n ⊗ En
where F2d,nsp is the moduli space of K3 surfaces with a primitive polarization of degree
2d and a spin level n-structure (see Section 6 in [26]), and En is a finite abelian extension
of Q. The morphism fksd,a,n,γ,En assigns to every primitively polarized complex K3 surface
with a spin level n-structure its associated Kuga-Satake abelian variety plus extra data
(a polarization and a level n-structure). In this way, the first step of our program is
completed. Next we show that fksd,a,n,γ,En extends over an open part of Spec(OEn) whereOEn is the ring of integers in En. More precisely, we prove the following statement.
Theorem. Let d, n ∈ N and suppose that n ≥ 3. Then the Kuga-Satake morphism
fksd,n,a,γ,En : F2d,nsp,En → Ag,d′,n,En extends uniquely to a morphism
fksd,a,n,γ : F2d,nsp ⊗OEn [1/N ]→ Ag,d′,n ⊗OEn[1/N ]
where N = 2dd′nl and l is the product of the prime numbers p whose ramification index
ep in En is ≥ p− 1.
The proof of this theorem is based on a result of G. Faltings on extension of abelian
schemes.
We conclude with some applications. We show that the e´tale cohomology relations
from §6.6.1 in [7] hold for the Kuga-Satake abelian varieties we construct. Then we focus
our attention on the ordinary locus of F2d,nsp ⊗ Fp, where p is a prime not dividing N .
Suppose that k is a finite field of characteristic p. One can easily see that fksd,a,n,γ maps
an ordinary point x = (X,L, ν) in F2d,nsp ⊗ Fp(k) to an ordinary point y = (A, µ, ǫ) in
Ag,d′,n ⊗ Fp(k). Denote by xcan = (Xcan,L, ν) the canonical lift of X over W (k) and
by ycan = (Acan, µ, ǫ) the canonical lift of A. We prove that fksd,a,n,γ(x
can) = ycan. A
straightforward corollary of this is that the restriction of the Kuga-Satake morphism to
the ordinary locus of F2d,nsp ⊗ Fp is quasi-finite.
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Notations and conventions
General. We write Zˆ for the profinite completion of Z. We denote by A the ring of
ade`les of Q and by Af = Zˆ⊗Q the ring of finite ade`les of Q. Similarly, for a number field
E we denote by AE and AE,f the ring of ade`les and the ring of finite ade`les of E.
If A is a ring, A→ B a ring homomorphism then for any A-module (A-algebra etc.) V
we will denote by VB the B-module (B-algebra etc.) V ⊗A B.
For a variety X over C we will denote by Xan the associated analytic variety. For an
algebraic stack F over a scheme S and a morphism of schemes S ′ → S we will denote by
FS′ the product F ×S S ′ and consider it as an algebraic stack over S ′.
We use the notations established in [26]. In particular, for a natural number d we write
F2d for the Deligne-Mumford stack of K3 spaces with a primitive polarization of degree
2d. It is a smooth stack over Spec(Z[1/2d]). See Theorem 4.7 in [26] and §1.4.3 in [29].
For n ∈ N, n ≥ 3, and a subgroup K of finite index in Kn we denote by F2d,K the smooth
algebraic space over Spec(Z[1/N ]) of K3 surfaces with a primitive polarization of degree
2d and a level K-structure. If K is admissible, then we denote by F full2d,K the moduli space
of K3 surfaces with a primitive polarization of degree 2d an a full level K-structure. For
details we refer to Section 6 in [26] and Section 1.5 in [29].
Let U be the hyperbolic plane and let E8 be the positive quadratic lattice associated
to the Dynkin diagram of type E8. Denote by (L0, ψ) the quadratic lattice U
⊕3 ⊕ E⊕28 .
Further, let (V0, ψ0) be the quadratic space (L0, ψ) ⊗Z Q. Further, we use the notations
established in Section 2.1 of [26].
Algebraic groups. A superscript 0 usually indicates a connected component for the
Zariski topology. For an algebraic group G will denote by G0 the connected component
of the identity. We will use the superscript + to denote connected components for other
topologies.
For a reductive group G over Q we denote by Gad the adjoint group of G, by Gder
the derived group of G and by Gab the maximal abelian quotient of G. We let G(R)+
denote the group of elements of G(R) whose image in Gad(R) lies in its identity component
Gad(R)+, and we let G(Q)+ = G(Q) ∩G(R)+.
Let V be a vector space over Q and let G →֒ GL(V ) be an algebraic group over Q.
Suppose given a full lattice L in V (i.e., L ⊗ Q = V ). Then G(Z) and G(Zˆ) will denote
the abstract groups consisting of the elements in G(Q) and G(Af) preserving the lattices
L and LZˆ respectively.
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1. Extension of polarizations of abelian schemes
In this section, we give some results on extension of polarizations of abelian schemes.
We will use them to extend Kuga-Satake morphisms in positive characteristic. We fix a
discrete valuation ring R with field of fractions K and residue field k.
Lemma 1.0.1. Let A be an abelian scheme over a discrete valuation ring R and let λK
be a polarization of the generic fiber AK of A. Then λK extends uniquely to a polarization
of A.
Proof. By Proposition 2.7 in Ch. 1 in [9] λK extends uniquely to a homomorphism
λ : A→ At over R. It suffices to show that 2 · λ is a polarization. But 2 · λ = ϕM where
M = (idA, λ)∗PA and PA is the Poincare´ bundle on A × At. We conclude by Corollary
VIII 7 in [25] that M is relatively ample, hence 2 · λ is a polarization. 
Lemma 1.0.2. Suppose given a locally noetherian, regular scheme U and a dense open
subscheme V ⊂ U such that the codimension of U \ V in U is at least 2. Let A → U be
an abelian scheme and let λV be a polarization of AV → V . Then λV extends uniquely to
a polarization λ of A→ U .
Proof. Applying Proposition 2.7 of Ch. 1 in [9] as in the proof of the previous lemma we
see that λV extends uniquely to an isogeny λ : A→ At over U .
By assumption there is an e´tale covering πV : V˜ → V such that the pull-back λV˜ : AV˜ →
At
V˜
of λV is equal to ϕL
V˜
for an ample line bundle LV˜ on AV˜ . By the Zariski-Nagata
purity theorem (see Cor. 3.3 of Exp. X in [10]), the morphism πV extends to an e´tale
covering π : U˜ → U . Let j : V˜ → U˜ be the inclusion. Then the sheaf L := j∗LV˜ is a line
bundle (cf. Lemma 6.2 in Ch. V in [9]). The isogenies λV˜ and ϕLV˜ coincide so by the
unicity part of Proposition 2.7 in Ch. 1 of [9] we see that λU˜ = ϕL.
To show that λU˜ is a polarization we apply Corollary VIII 7 of [25] as in the proof of
the preceding lemma. 
2. Kuga-Satake morphisms over fields of characteristic zero
In the following, sections we will recall the construction of Kuga-Satake abelian varieties
associated to polarized K3 surfaces. In our exposition we will follow [7] and [1]. In Section
2.5 we will use these ideas and the results of [28] to define Kuga-Satake morphisms over
number fields.
2.1. Clifford groups. Clifford groups will play an essential role in the construction of
the Kuga-Satake morphisms and in this section we give a short review of the results we
use later in this note. For details we refer to Ch. V in [16] and Ch. 9 in [32].
Let d be a natural number. For simplification we change the notations of Section 2.1
in [26] by setting (L, ψ) to be the lattice (L2d, ψ2d) and (V, ψ) to be the quadratic space
(L2d, ψ2d)⊗Q.
Denote by G the algebraic group SO(V, ψ) ∼= SO(2, 19) over Q (see Section 2.1 in [28]).
Further, following the notations of Example 5.1.4 in [26] we consider the even Clifford
algebra C+(V ) and the Clifford group G1 := CSpin(V ) of (V, ψ). Recall that one has a
homomorphism of algebraic groups
(1) α : CSpin(V )→ SO(V, ψ)
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defined by
α(g) = (v 7→ gvg−1)
which is called the adjoint representation of CSpin(V ) on V . The kernel of the adjoint
representation of CSpin(V ) is Gm and one has a short exact sequence
(2) 1→ Gm → G1 → G→ 1.
Then G = Gad1 and we have that the center Z(G1) of G1 is Gm.
There is a canonical involution
ι : C+(L)→ C+(L)
which acts trivially on the constants Gm →֒ G1. We define the spinorial norm
(3) N: G1 → Gm
by setting
N(g) = ι(g)g.
It is a surjective homomorphism and we denote its kernel by Spin(V ). The spinorial norm
gives rise to a short exact sequence
1→ Spin(V )→ G1 → Gm → 1.
One has that Gder1 = Spin(V ) is the derived group of G and N: G1 → Gm = Gab1 is the
maximal abelian quotient of G1. The group Spin(V ) is simply connected.
Further, we dispose of an embedding CSpin(V ) →֒ C+(V )∗ and left multiplication by
elements of CSpin(V ) on C+(V ) gives an inclusion of algebraic groups
(4) β : CSpin(V ) →֒ GL(C+(V )).
See §3.2 in [7]. It is called the spin representation of CSpin(V ) on C+(V ).
2.2. Kuga-Satake abelian varieties associated to polarized K3 surfaces. In this
section we recall the construction of Kuga-Satake abelian varieties. We will follow closely
[7] and [1].
Let (X,L) be a primitively polarized complex K3 surface of degree 2d. We use the
notations established in Section 2.1 in [26]. As pointed out in Remark 2.3.2 in loc. cite.,
we can find a marking m : H2B(X,Z(1)) → L0 such that m(c1(L)) = e1 − df1. Then,
we obtain an isometry m : P 2B(X,Z(1)) → L and hence the homomorphism hX : S →
SO
(
P 2B(X,Z(1))
)
defines an element
hm := m ◦ hX ◦m−1 : S→ SO(VR)
of Ω±. There is a unique homomorphism
h˜m : S→ G1,R
such that hm = α◦h˜m, where α : G1 → G is the adjoint representation homomorphism (see
§4.2 in [7]). Let W denote the Z-module C+(L). The composition of the homomorphism
h˜m with the spin representation β : G1 →֒ GL(WR)
β ◦ h˜m : S→ GL(WR)
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gives rise to a polarizable Z-HS of type {(1, 0), (0, 1)} on W . We refer to Proposition 4.5
in [7] for a proof. Hence β ◦ h˜m defines a complex abelian variety A = A(L, h), given by
the condition that H1B(A,Z) =W as Z-HS. Its dimension is g = 2
19.
If we take a different marking m′ : H2B(X,Z(1))→ L0 with m′(c1(λ)) = e1−df1, then we
have thatm′◦m−1◦hm(z) = hm′(z)◦m′◦m−1 for all z ∈ S. Therefore C+(m′◦m) : W →W
defines an isomorphism between the Z-HS on W induced by β ◦ h˜m and β ◦ h˜m′ . Hence
we obtain an isomorphism between the abelian varieties associated to (W,β ◦ h˜m) and
(W,β ◦ h˜m′). Thus we see that the construction described above associates to a polarized
K3 surface (X,L) an abelian variety A, which does not depend on the choice of a marking
m.
Definition 2.2.1. The abelian variety A is called the Kuga-Satake abelian variety asso-
ciated to (X,L).
We will see in Section 2.4 how to give explicitly polarizations of A.
Example 2.2.2. We shall describe explicitly how to obtain the Hodge structure on C+(V )
in terms of the one on V . Choose an orthonormal basis (e1, e2) of V+ = VR∩(V −1,1⊕V 1,−1)
and let e+ = e1e2. Choose an orientation of (e1, e2) such that e1 − ie2 spans V 1,−1. Then
multiplication by e+
x 7→ e+x
defines a complex structure on C+(VR) which corresponds to the morphism h˜ : S →
GL(C+(VR)) defined above. The Kuga-Satake abelian variety A associated to (X,L)
is exactly the complex torus C+(VR)/C
+(L) where C+(VR) is considered as a complex
vector space via the complex structure given by multiplication by e+. For further details
we refer to the articles of Satake [31], Kuga and Satake [15] and van Geemen [33].
Example 2.2.3. As before X will be a complex K3 surface. Instead of taking the orthog-
onal complement of an ample line bundle one can consider a subgroup N ⊂ c1(Pic(X)) ⊂
H2B(X,Z(1)) and its complement
LN = N
⊥ ⊂ H2B(X,Z(1))
with respect to the bilinear form ψ. Then LN carries a natural polarized Z-HS of type
{(1,−1), (0, 0), (−1, 1)} and one can consider again C+(LN) and give it a polarized Z-HS
of type {(1, 0), (0, 1)} as above. It gives rise to a complex abelian variety AN associated
to the pair (X,N). We refer to §4.1 in [23] for further comments.
For two subgroups N ⊂ N ′ ⊂ NS(X) with d = dimQ(N ′Q/NQ) one has that AN is
isogenous to a product of 2d copies of AN ′. For a proof see §4.4 in [23].
Example 2.2.4. Let X be an exceptional K3 surface. Then the transcendental space
TX,Q = c1(Pic(X)Q)
⊥ is of dimension 2 over Q. By the preceding remarks we conclude
that A is isogenous to a product of 219 copies of an elliptic curve E which has complex
multiplication. See also pp. 241-242 in [15].
Remark 2.2.5. Note that from the very construction of A we have that the Mumford-
Tate group MT(A) is contained in G1 viewed as a subgroup of GL(C
+(V )) via the spin
representation (4). Moreover, from the short exact sequence (2) we see that Gm = ker(α)
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is contained in MT(A) for weight reasons and hence we have an exact sequence
1→ Gm → MT(A)→ MT(X)→ 1.
We also conclude that Hg(A) is an extension of Hg(X) by Z/2Z.
2.3. Endomorphisms. Denote by C+ the opposite ring C+(L)op. It is non-canonically
isomorphic to C+(L). Let (X,L) be a primitively polarized K3 surface. Fix a marking
m : P 2B(X,Z(1)) → L as in Section 2.2 and let hm := m ◦ hX ◦ m−1 : S → GR be the
homomorphism defining the Z-HS on L. The right action of C+ onW := C+(L) commutes
with the morphism β◦h˜m so the Kuga-Satake abelian variety A has complex multiplication
by C+ (cf. §4.2 in [1] and §3.3 in [7]). In other words there is an injection
(5) γ : C+ →֒ End(A).
In fact one can see that there is an isomorphism of Z-HS of type {(−1, 1), (0, 0), (1,−1)}
φZ : C
+(L)ad → EndC+(W )
where C+(L)ad is the Z-HS obtained from (L, h) using the tensor construction C
+( ).
2.4. Polarizations. Let (X,L) be a complex K3 surface with a primitive polarization λ
of degree 2d and let m : H2B(X,Z(1)) → L0 be a marking such that m(c1(L)) = e1 − df1
(see Section 2.1 and Remark 2.3.2 in [26]). Let hm : S→ SO(VR) be the Z-HS induced on
L by hX and let let A be its associated Kuga-Satake abelian variety. We will show how
to give explicitly a polarization of the Z-HS W (= C+(L) = H1B(A,Z)).
Let ι : C+(L)→ C+(L) be the canonical involution of the even Clifford algebra. Fix a
non-zero element a ∈ C+ such that ι(a) = −a. Then the skew-symmetric form
(6) ϕa : W ⊗W → Z(−1)
given by
ϕa(x, y) = tr(ι(x)ya)
defines a polarization for the Z-HS on W if and only if the symmetric bilinear form
iϕa(x, h˜m(i)y) is positive definite (here i =
√−1). Lemma 4.3 in [7] (see also Example
2.4.1) guarantees the existence of an element a ∈ C+ for which ±ϕa is a polarization.
Example 2.4.1. Let e1, . . . , e21 be an orthogonal basis of (V, ϕ) such that ψ(ei, ei) < 0
for i = 1, 2. Let m 6= 0 be an integer such that me1e2 ∈ C+(L). One has that ι(me1e2) =
−me1e2 and if h ∈ Ω±, then either ϕme1e2 or −ϕme1e2 is a polarization for h˜. For a proof
we refer to [33, Prop. 5.9].
Remark 2.4.2. Note that the degree of the polarization ϕa depends only on a and d and
can be computed explicitly.
Remark 2.4.3. Let a ∈ C+ be an element such that ι(a) = −a and, say ϕa is a polariza-
tion the Z-HS on W induced by h˜. Then ϕa defines a polarization µ : A→ At which gives
rise to a Rosati involution † on End0(A) = End(A)⊗Q. One can see that the restriction
of the Rosati involution to C+ ⊗Q →֒ End0(A) (cf. (5)) is given by
f † = a−1ι(f)a
for all f ∈ C+(V ). Hence C+(V ) is stable under †.
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Remark 2.4.4. Note that we make some non-canonical choices to define a polarization
on A. For instance, it is not clear if two different markings mi : H
2
B(X,Z(1)) → L0 for
which mi(c1(λ)) = e1 − df1 give rise to two isomorphic polarized abelian varieties (A, µ1)
and (A, µ2).
2.5. Kuga-Satake morphisms over fields of characteristic zero. Recall that we
associated to every polarized complex K3 surface a complex abelian variety. We will
explain here how to do this in families. Following the line of thoughts in [7] and [1]
we define Kuga-Satake morphisms from the moduli spaces of polarized K3 surfaces with
certain level structures to moduli stacks of polarized abelian varieties. We shall keep the
notations from the previous sections.
Consider the Shimura datum (G,Ω±) (cf. Section 2.2 in [28]) and let h0 : S → GR be
an element of Ω±. Let h˜0 : S→ G1,R be the unique homomorphism such that h0 = α ◦ h˜0
(cf. Section 2.2). Define Ω±1 to be the G1(R)-conjugacy class of h˜0. The pair (G1,Ω
±
1 )
defines a Shimura datum with reflex field Q. We refer to Appendix 1 in [1] for a proof.
The adjoint representation (1) defines a morphism of Shimura data
α : (G1,Ω
±
1 )→ (G,Ω±)
in the following way: αgr : G1 → G is the adjoint representation homomorphism and
αHS : Ω
±
1 → Ω± the the morphism sending h˜ to α ◦ h˜. The morphism αHS is well-defined
as h = g ◦ h˜0 ◦ g−1 for some g ∈ G1(R) and hence α ◦ h˜ = α(g) ◦ h0 ◦ α(g)−1 ∈ Ω±.
Moreover αHS : Ω
±
1 → Ω± is an analytic isomorphism (§4.2 in [7] or Lemma 4.11 in [18]).
We use the notations established in Section 5 of [26]. Fix a natural number n ≥ 3.
Let Ksp ⊂ G1(Af) be a subgroup of finite index in Kspn and denote by Ka the image
α(Ksp) ⊂ G(Af) which is a subgroup of finite index in Kan (cf. Example 5.1.4 in [26]).
Then one has a morphism of quasi-projective Q-schemes
(7) α(Ksp,Ka) : ShKsp(G1,Ω
±
1 )→ ShKa(G,Ω±).
Consider the group C = Gm(Q)\α−1(Ka)/Ksp. We have that
C = Gm(Q)\α−1(Ka)/Ksp = Gm(Q)\Gm(Af)Ksp/Ksp
= Gm(Q)\Gm(Q)Gm(Zˆ)Ksp/Ksp ∼= Gm(Zˆ)/(Gm(Zˆ) ∩Ksp).
(8)
The group C acts on ShKsp(G1,Ω
±
1 )C via right multiplication. We have that Z(G1) =
Gm and G = G1/Z(G1). Further, by Hilbert’s Theorem 90, H
1(k,Gm) = 0 for all
fields of characteristic zero, hence we can apply Lemma 4.13 in [18] and conclude that
the morphism α(Ksp,Ka) ⊗ C is a Galois cover with a Galois group C. As C acts on
ShKsp(G1,Ω
±
1 )C via Hecke correspondences we see that these automorphisms are defined
over Q. Therefore the morphism (7) is a Galois cover with a Galois group C.
We will describe more explicitly the relation between these two Shimura varieties over
C. Consider the finite sets CG1 := G1(Q)+\G1(Af)/Ksp and CG := G(Q)+\G(Af)/Ka.
The homomorphism α defines a surjective map of sets α : CG1 → CG (cf. (2)). Note that
C naturally acts on CG1 from the right. With this action the map α makes CG1 into a
C-torsor over CG (in the sense of sets); in other words, if [g] ∈ CG and g1 ∈ G1(Af) is an
element with α([g1]) = [g], then the map C → α−1([g]) given by u 7→ [g1u] is a bijection.
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One has that the decomposition of ShKsp(G1,Ω
±
1 )C into connected components is
ShKsp(G1,Ω
±
1 )C =
∐
[g]∈CG1
Γ′[g]\Ω+1
where Γ′[g] = G1(Q)+ ∩ gKspg−1, for some representative g of the class [g] (see [19, §5,
Lemma 5.13]. Similarly, we have that
ShKa(G,Ω
±)C =
∐
[g]∈CG
Γ[g]\Ω+
where Γ[g] = G(Q)+ ∩ gKag−1 for some representative g of [g].
The morphism α(Ksp,Ka) maps the connected component Γ
′
[g]\Ω+1 to Γ[α(g)]\Ω+ sending
the class [h˜] to the class [h] (cf. §2.2). The restriction
(9) α(Ksp,Ka) : Γ
′
[g]\Ω+1 → Γ[α(g)]\Ω+
is an isomorphism of complex quasi-projective varieties. Indeed, α maps Γ′[g] surjectively
onto Γ[α(g)] and as −1 6∈ Γ′[g] (because −1 6∈ gKspn g−1 ⊃ gKspg−1) one concludes, from
the short exact sequence (8) in Example 5.1.4 in [26], that Γ′[g] is mapped isomorphically
onto Γ[α(g)]. The morphism αHS : Ω
+
1 → Ω+ is an isomorphism so we see that (9) is an
isomorphism as well. Further, we have that
(10) α−1(Ksp,Ka)(Γ[g]\Ω+) =
∐
u∈C
Γ′[g1u]\Ω+1
where g1 ∈ G(Af) with α(g1) = g.
Denote byW the Z-module C+(L) and choose an element a ∈ C+ such that ι(a) = −a.
Recall that for such an element we have defined a bilinear form ϕa : W ⊗W → Z(−1)
(see (6)). The image of G1 under the spin representation β : G1 →֒ GL(WQ) is actually
contained in CSp(WQ, ϕa). Indeed, for any element γ ∈ G1 we have that
ϕa(γx, γy) = tr(ι(γx)γya) = tr(ι(x)ι(γ)γya)
= tr
(
ι(x)N(γ)ya
)
= N(γ)tr(ι(x)ya)
= N(γ)ϕa(x, y)
hence β(γ) ∈ CSp(WQ, ϕa). Further, if the bilinear form ϕa defines a polarization for a
Hodge structure β ◦ h˜1 on W , then it defines a polarization for all Hodge structures β ◦ h˜
on W , for which h˜ belongs to the connected component of Ω±1 of h˜. If ϕa is a polarization
for those h˜ coming from the elements in Ω+, then −ϕa is a polarization for the h˜ coming
from the elements in Ω−.
Assumption 2.5.1. We assume that a ∈ C+ is such that ι(a) = −a and that ϕa or −ϕa
defines a polarization for the Z-Hodge structures induced on W by β ◦ h˜ for any h˜ ∈ Ω±1 .
Under the above assumption define the inclusion of Shimura data
β : (G1,Ω
±) →֒ (CSp(WQ, ϕa),H±).
as βgr : G1 →֒ CSp(WQ, ϕa) being the spin representation (4) and βHS : Ω±1 →֒ H± mapping
h˜ to β ◦ h˜.
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Let Λn be the congruence level n-subgroup of CSp(WQ, ϕa)(Af) corresponding to the
lattice W of WQ. In other words we take
Λn = {g ∈ CSp(WQ, ϕa)(Af) | gWZˆ = WZˆ and g ≡ 1 (mod n)}.
It is clear from the definitions that β(Ksp) ⊂ β(Kspn ) ⊂ Λn hence we obtain a morphism
of quasi-projective Q-schemes
β(Ksp,Λn) : ShKsp(G1,Ω
±)→ ShKspn (G1,Ω±)→ ShΛn(CSp(WQ, ϕa),H±).
Note that fixing the latticeW , respectively the arithmetic group Λn, one has an immersion
ShΛn(CSp(WQ, ϕa),H
±) →֒ Ag,d′,n,Q where d′ is explicitly computed in terms of d and a
(cf. Remark 2.4.2). It is given by the identification of ShΛn(CSp(WQ, ϕa),H
±) with
a component Ag,δ,n,Q of Ag,d′,n,Q corresponding to an elementary divisor sequence δ =
(d1, . . . , dr), uniquely determined by ϕa, with d1 · · · dr = d′ (cf. Definition 1.3 in [5]). We
can put all morphisms considered so far in the following diagram
(11) ShKsp(G1,Ω
±
1 )
α(Ksp,Ka)

β(Ksp,Λn)
// Ag,d′,n,Q
prn

ShKa(G,Ω
±) Ag,d′,Q.
First construction of Kuga-Satake morphisms. Both morphisms α(Ksp,Ka) and
prn are quotient morphisms as Ag,d′,Z[1/n] is the quotient stack [Ag,d′,n/GL(WQ)(Z/nZ)]
(cf. §4.3.4 in Ch VII of [22]). Moreover, as C acts freely on ShKsp(G1,Ω±) we have
that the stack [ShKsp(G1,Ω
±
1 )/C] is represented by the quotient scheme ShKa(G1,Ω
±) ∼=
ShKsp(G1,Ω
±
1 )/C. The spin representation defines a homomorphism (see (8))
(12) β : C = Gm(Zˆ)K
sp/Ksp → GL(WQ)(Z/nZ).
We will show that β(Ksp,Λn) descends to a morphism βKa : ShKa(G,Ω
±) → Ag,d′,Q. To do
this we have to check that β(Ksp,Λn) is equivariant with respect to the homomorphism (12).
Both ShKa(G,Ω
±) and Ag,d′,n,Q are reduced schemes over Q so we can check the statement
on C-valued points. In other words we have to show that
β(Ksp,Λn)
(
g · [h˜, r]Ksp
)
= β(g) · β(Ksp,Λn)
(
[h˜, r]Ksp
)
for any g ∈ C, h˜ ∈ Ω± and r ∈ G1(Af). But this is tautology as from the definitions we
see that
β(Ksp,Λn)
(
g · [h˜, r]Ksp
)
= β(Ksp,Λn)
(
[h˜, rg]Ksp
)
= [β ◦ h˜, β(rg)]Λn
= β(g) · [β ◦ h˜, β(r)]Λn = β(g) · β(Ksp,Λn)
(
[h˜, r]Ksp
)
.
Hence β(Ksp,Λn) descends to a morphism of algebraic stacks
βKa : ShKa(G,Ω
±)→ Ag,d′,Q.
Recall that in Section 2.4 of [28] we defined a period morphism jd,Ka : F2d,Ka,Q →
ShKa(G,Ω
±) which sends any complex polarized K3 surface with a level Ka-structure
to its period point.
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Definition 2.5.2. Define the Kuga-Satake morphism associated to d, a and Ka
fksd,a,Ka,Q : F2d,Ka,Q → Ag,d′,Q
to be the composite fksd,a,Ka,Q = βKa ◦ jd,Ka .
Thus we have proved the following statement.
Proposition 2.5.3. Let d, n ∈ N with n ≥ 3 and let Ksp ⊂ Kspn be a subgroup of finite
index. Fix a non-zero element a ∈ C+ which satisfies Assumption 2.5.1. Then one has a
Kuga-Satake morphism
fksd,a,Ka,Q : F2d,Ka,Q → Ag,d′,Q
where g = 219 and d′ depends explicitly on a and d. It maps every primitively polarized
complex K3 surface (X, λ, ν) with a level Ka-structure ν to its associated Kuga-Satake
abelian variety A with a certain polarization of degree d′2.
Remark 2.5.4. Note that if K1 is a subgroup of G1(Zˆ) of finite index contained in K
sp
n
and such that α(K1) = K
a, then the morphism β(K1,Λn) : ShK1(G1,Ω
±
1 ) → Ag,d′,n,Q also
descends to the morphism βKa : ShKa(G,Ω
±)→ Ag,d′,Q.
Example 2.5.5. Take Ksp to be the group Kspn . Then K
a = Kan and we obtain a Kuga-
Satake morphism
fksd,a,n,Q : F2d,nsp,Q → Ag,d′,Q.
Remark 2.5.6. If Ka is an admissible subgroup of SO(V )(Zˆ) (see Definition 5.3.1 in
[26]), then we have an open immersion jd,Ka : F full2d,Ka,Q →֒ ShKa(G,Ω±) and therefore we
obtain a Kuga-Satake morphism
fksd,a,Ka,Q : F full2d,Ka,Q → Ag,d′,Q
defined by fksd,a,Ka,Q = βKa ◦ jd,Ka .
Remark 2.5.7. One might want to descend the Kuga-Satake morphism defined in Propo-
sition 2.5.3 to a morphism F2d,Q → Ag,d′,Q. The essence of the problem is that the
Kuga-Satake construction described above requires a non-canonical choice of an element
a ∈ C+ to define a polarization. One can show that the obstruction for descending the
Kuga-Satake morphism to a map F2d,Q → Ag,d′,Q is equivalent to the problem posed in
Remark 2.4.4.
Our main goal is to define Kuga-Satake morphisms in mixed characteristic. As we will
see later (Remark 3.1.8) there are problems extending the morphism fksd,a,n : F2d,nsp,Q →
Ag,d′,Q due to the fact that Ag,d′ is an algebraic stack. We will give a second construction
of Kuga-Satake morphisms below to which we can apply the extension result of Section 3.1.
Second construction of Kuga-Satake morphisms. We will construct a morphism
fksd,a,γ,n,E : F2d,nsp,E → Ag,d′,n,E for a number field E which can be determined via class field
theory from the data d, a, γ, n (see below). To do that we will first determine the fields
of definition of the geometric connected components of ShKspn (G1,Ω
±
1 ) and ShKan(G,Ω
±).
We have that
π0
(
ShKspn (G1,Ω
±
1 )C
) ∼= G1(Q)+\G1(Af )/Kspn ∼= Gm(A)/
(
Q×R>0N(K
sp
n )
)
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where N: G1 → Gab1 = Gm is the spinorial norm homomorphism (see (3)). Denote by En
the subfield of Qab corresponding to the group Q×R>0N(K
sp
n ) via class field theory (see
Section 3.1 in [28]). Then, we have an isomorphism
artEn/Q : Gm(A)/
(
Q×R>0N(K
sp
n )
)→ Gal(En/Q).
The Galois action on the geometric connected components of ShKspn (G1,Ω
±
1 ) is given
as follows: Let Y be the connected component Ω+1 /Γ
′
[1]. It is defined over En and if
σ ∈ Gal(En/Q) is an automorphism such that artEn/Q(σ) = N(g) for some g ∈ G1(Af),
then Y σ = Ω+1 /Γ
′
[g]. We have that
(13) ShKspn (G1,Ω
±
1 ) =
⋃
σ∈Gal(En/Q)
Y σ.
For details see §2 in [14]. Further, if we denote by X the connected component Ω+/Γ[1] of
ShKan(G,Ω
±)C, then its field of definition EX is a subfield of En and hence it is an abelian
extension of Q. We have that [En : EX ] = #C = ϕ(n) (cf. (8)) and
(14) ShKan(G,Ω
±) =
⋃
σ∈Gal(EX/Q)
Xσ.
In order to define a Kuga-Satake morphism fksd,a,n,γ,E : F2d,nsp,E → Ag,d′,n,E we will give a
section of α(Kspn ,Kan) and use (11). We see from (9), (10), (13) and (14), that giving such a
section is equivalent to giving a set-theoretic section of the homomorphism Gal(En/Q)→
Gal(EX/Q). For any such (set-theoretic) section γ : Gal(EX/Q)→ Gal(En/Q) one has a
morphism
(15) δγ : ShKan(G,Ω
±) =
⋃
σ∈Gal(EX/Q)
Xσ ∼=
⋃
σ∈Gal(EX/Q)
Y γ(σ) ⊂ ShKspn (G1,Ω±1 )
which is defined over En.
Definition 2.5.8. Define the Kuga-Satake morphism associated to d, a, n and γ
fksd,a,n,γ,En : F2d,nsp,En → Ag,d′,n,En
to be the composite fksd,a,n,γ,En = β(Kspn ,Λn) ◦ δγ ◦ jd,Kan,En defined over En.
Thus, we have proved the following statement.
Proposition 2.5.9. Let d, n ∈ N with n ≥ 3. Let En and EX be as above and suppose
given a set-theoretic section γ of the homomorphism Gal(En/Q) → Gal(EX/Q). Fix a
non-zero element a ∈ C+ which satisfies Assumption 2.5.1. Then one has a Kuga-Satake
morphism
fksd,a,n,γ,En : F2d,nsp,En → Ag,d′,n,En
where g = 219 and d′ depends explicitly on a and d. It maps every primitively polarized
complex K3 surface (X, λ, ν) with a spin level n-structure ν to its associated Kuga-Satake
abelian variety A with a certain polarization of degree d′2 and a certain level n-structure.
Further, by construction, for any choice of a section γ we have that fksd,a,n ⊗ En = prn ◦
fksd,a,n,γ,En.
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As we have seen, there are many possible ways of defining Kuga-Satake morphisms. In
general, one has to make some non-canonical choices in order to find a section of α(Kspn ,Kan)
in (11) and define a morphism F2d,nsp,C → Ag,d′,n,C.
Below, we explain the relative Kuga-Satake construction of Deligne (cf. §5 in [7]) in
our framework. Consider the diagram
Γ′[1]\Ω+1
∼= α(Kspn ,Kan)

β
(K
sp
n ,Λn)
// Ag,d′,n,C
Γ[1]\Ω+.
Over C one can define a morphism F2d,nsp,C → Γ[1]\Ω+ by mapping all connected com-
ponents of F2d,nsp,C to Γ[1]\Ω+. See the proof of Proposition 5.7 in [7]. Composing these
two maps we obtain a morphism
fn : F2d,nsp,C → Γ[1]\Ω+ ∼= Γ′[1]\Ω+1 → Ag,d′,n,C
which is the relative Kuga-Satake construction described in §5 in [7] and §5 in [1]. One
can show that this morphism is defined over a number field. Suppose further, that n = 3
or 4. Here is a possible way to study the field of definition of fn. Combining Proposition
8.3.5 and Theorem 8.4.3 in [1] one can see that fn is defined over the composite of En
with any field K ⊂ C for which F2d,nsp,Q has a K-valued point. Then by Theorem 7 in
[27] the morphism fn is defined over the composite of En with the fields of definition of
the geometric connected components of F2d,nsp,Q. In general, this field can be a non-trivial
extension of En.
Remark 2.5.10. The construction of Kuga-Satake morphisms described in this section
and the one given in [7] and [1] differ in the choice of a period morphism. We use the
“modified” period map jd,K,C in order to be able to apply the results of [28]. In this way
we can control explicitly the fields of definition of the morphisms involved in the relative
Kuga-Satake construction and therefore the field of definition of fksd,a,n,γ,C.
We will end this section with a result comparing the e´tale cohomology of a K3 surface
and its associated Kuga-Satake abelian variety. Let U i be a geometric connected compo-
nent of F2d,nsp,En which is defined over a field i : K →֒ C. Let (πXi : X i → U i, λi, νi) be
the pull-back of the universal family to U i. Denote by (πAi : A
i → U i, µi, ǫi) the polarized
abelian scheme with level n-structure fksd,a,n,γ,En((πXi : X
i → U i, λi, νi)).
Taking a base change i : K → C we have an abelian scheme (AiC → U iC, µiC, ǫiC) which
is exactly fksd,a,n,γ,C
(
(X iC → U iC, λiC, νiC)
)
and which, by construction, has multiplication by
C+. Further, we know that EndU i
C
(AiC) = C
+ (see the beginning of §8 in [1]) and one has
further that EndU i(A
i) = C+.
Lemma 2.5.11. There is a unique isomorphism of Zl-sheaves
C+(P 2etπXi,∗Zl(1))
∼= EndC+(R1etπAi,∗Zl).
Proof. One repeats step by step the proof of Lemma 6.5.13 in [7]. 
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Corollary 2.5.12. Let K be a field of characteristic zero and suppose given a K-valued
point (X, λ, ν) ∈ F2d,nsp,En(K). If (A, µ, ǫ) is the corresponding Kuga-Satake abelian va-
riety fksd,a,n,γ,En
(
(X, λ, ν)
)
, then one has an isomorphism of Gal(K¯/K)-modules
C+
(
P 2et(XK¯ ,Zl(1))
) ∼= EndC+
(
H1et(AK¯ ,Zl)
)
for any prime number l.
Proof. It follows from the preceding lemma. 
Remark 2.5.13. Note that if R is a discrete valuation ring with a maximal ideal p and
field of fractions K of characteristic zero, containing En. Suppose given a polarized K3
surface (X, λ, α) with spin level n-structure over K and let (A, µ, β) be the corresponding
Kuga-Satake abelian variety. Suppose further that X has good reduction modulo p.
Then the inertia subgroup Ip acts trivially on P
2
et(XK¯ ,Zl(1)) for every l different from the
characteristic of R/p. As shown in §6.6 in [7] and Lemma 9.3.1 in [1] this implies that
Ip acts via a finite group on H
1
et(AK¯ ,Zl) i.e., that A has potentially good reduction at p.
Since the n-torsion is rational over K we conclude, as in Lemma 9.3.1 in [1], that A has
good reduction at p.
3. Extension of the Kuga-Satake morphisms in positive characteristic
The following two sections contain the main results of this note. We show that the
Kuga-Satake morphism from Definition 2.5.8 extends in positive characteristic. In this
way we give a partial answer to the question posed in the beginning of the chapter.
In Section 3.1 we prove an abstract extension result concerning morphisms from smooth
schemes into Ag,d′,n. Then we use this in the next section to show that fksd,a,n,γ,En extends
over an open part of Spec(OEn).
3.1. The extension result. Let us fix the following notations we will use in this section:
• R will be a discrete valuation ring of mixed characteristic (0, p) where p > 2.
Denote by η and s the generic and the special points of Spec(R), respectively.
Further, let K be the fraction field of R and k will denote the residue field of R;
• U will be a smooth scheme over R;
• We fix three natural numbers g, d′ and n ≥ 3 and denote by A the moduli stack
Ag,d′,n,R of g-dimensional abelian varieties with polarization of degree d′2 and Ja-
cobi level n-structure over R. We will assume that p does not divide d′n.
• Assume given a morphism fη : Uη → Aη.
We are interested in extending the morphism fη over R. Of course, in general one cannot
expect to be able to do this without further assumptions on fη and U . We will list some
conditions below which, if satisfied, will guarantee the existence of an extension of fη.
Assumption 3.1.1. Let x be a point on the special fiber Us of U , let OU,x be its local ring
and denote by L the field of fractions of OU,x. Then the morphism fη : Spec(L) → Aη
extends to a morphism f˜ : Spec(OU,x)→ A.
We will show that if this assumption is fulfilled for certain points of U then the morphism
does extend over R. More precisely we have
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Proposition 3.1.2. Let U be a smooth scheme over R and let fη : Uη → Aη be a mor-
phism. Assume that the total ramification index e of R satisfies e < p − 1 and that all
generic points of the special fiber Us of U satisfy Assumption 3.1.1. Then fη extends
uniquely to a morphism f : U → A over R.
Proof. We will divide the proof into several steps.
Step 1: We will prove first that if the morphism extends then the extension is unique.
Lemma 3.1.3. Let V be a scheme over R and suppose given a morphism fη : Vη → Aη.
Assume that it extends to a morphism fV ′ : V
′ → A over a dense open subscheme V ′ of
V . Then this extension is unique.
Proof. This boils down to the fact that A is separated over R. Assume that there exist two
morphisms, say F1 and F2 extending fη over V . Consider the morphism (F1, F2) : V →
A×R A. The locus where F1 = F2 is the pull-back (F1, F2)−1∆A of the diagonal ∆A ⊂
A ×R A which is closed as A is separated over R. Hence we conclude that F1 = F2 on
V ′. 
In particular, we conclude that if f extends over U , then this extension is unique.
Step 2: There exists a maximal open subscheme V of U such that fη extends to a
morphism fV : V → A. Indeed, if f extends over two open subschemes V1 and V2 of U ,
then by Lemma 3.1.3 above those two extensions agree on V1∩V2. Hence we can glue the
two morphism and get a morphism fV1∪V2 : V1 ∪ V2 → A. This shows that one can take
V to be the union of all open subschemes V ′ of U such that fη extends to a morphism
fV ′ : V
′ → A.
Step 3: Consider the graph Γη of fη : Uη → Aη in Uη × Aη. Take the flat extension
Γ¯ of Γη over R i.e., the closure of Γη in U ×A. We have the projection map pr1 : Γ¯→ U .
Let {U is}{i∈I} be the set of connected components of the special fiber Us and for each i let
U (i) be the open subscheme U \ (∪j 6=iU js
)
. We look at the set
U
(i)
ft := {p ∈ U (i) | pr1 is flat at all points of pr1(p)}.
which is open in U (i) (§8, Proposition 8.9.4 in EGA IV ([11])). We will call this set, with
its induced scheme structure the maximal subscheme of U (i) over which this projection
map is flat. Let Vft be the open subscheme
⋃
i U
(i)
ft of U .
Lemma 3.1.4. The maximal open subscheme V given in Step 2 over which fη extends is
equal the open subscheme Vft of U over which the morphism pr1 : Γ¯→ U is flat.
Proof. Note first that the scheme V from Step 2 is contained in Vft. Indeed, the morphism
pr1 : pr
−1
1 (V )→ V is an isomorphism, as pr−11 (V ) ⊂ U×A is the graph of fV , and therefore
it is flat.
Since pr1 : pr
−1
1 (Vft) → Vft is flat the dimension of the fibers is constant. It is zero on
the generic fiber hence this morphism is quasi-finite. Using Zariski’s Main Theorem (§8,
Theorem 8.12.6 in EGA IV ([11])) one can factor pr1|Vft as an open immersion and a finite
morphism pr−11 (Vft)→ V˜ → Vft. But generically, over every connected component of Vft,
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the degree of the finite morphism is one, hence it is one everywhere. This means that
pr1 : pr
−1
1 (Vft)→ Vft is an isomorphism. Hence one can extend fη on Vft using the second
projection map pr2 : Γ¯→ A. Therefore we get the other inclusion Vft ⊂ V . 
Step 4: We will show that the open subscheme V given is Step 2 contains all generic
points of Us. We need some auxiliary results.
Lemma 3.1.5. If x ∈ U satisfies Assumption 3.1.1, then x ∈ V .
Proof. According to Step 3 we have to show that pr1 : Γ¯→ U is flat at x.
Claim 3.1.6. Let X be a scheme over R and let Γη ⊂ Xη be a closed subscheme. Take
the flat extension Γ¯ of Γη. Let i : Y → X be a flat morphism over R and set ∆η : = i∗Γη.
Let ∆¯ be the flat extension of ∆η in Y . Then one has that ∆¯ = i
∗Γ¯.
Proof. Since flatness is stable under base change we have that i∗Γ¯ → Γ¯ is flat. Hence
i∗Γ¯ → R being the composite i∗Γ¯ → Γ¯ → R of two flat maps is also flat. Moreover, by
the very definitions we have that (i∗Γ¯)η = i
∗Γη = ∆η. Therefore by uniqueness of the flat
extension (see §2, Proposition 2.8.5 in EGA IV ([11])) we conclude that ∆¯ = i∗Γ¯. 
For a scheme X denote by |X| its underlying topological space.
Claim 3.1.7. Let X and T be two schemes and h : T → X be a morphism. Take a point
x ∈ |X|, let i : Spec(OX,x) → X be the morphism associated to x and let i∗h : i∗T →
Spec(OX,x) be the pull-back map. If i∗h is flat, then h is flat above x i.e., it is flat at all
points t ∈ h−1(x).
Proof. If t ∈ h−1(x), then OT,t ∼= Oi∗T,t as OX,x-algebras and hence we obtain the result
in the claim. 
Let us go back to the proof of the Lemma 3.1.5. We have the following diagram:
i∗Γ¯ //

Γ

Spec(OU,x)×A

flat
// U ×A

Spec(OU,x)
flat
((P
PP
PP
PP
PP
PP
P
flat
// U
smooth
yyss
ss
ss
ss
ss
ss
Spec(R).
Let α = Spec(L) where L is the field of fractions of OU,x. Consider the point ∆η =
(α, fη(α)) on Uη ×Aη. Then by Claim 3.1.6 applied to
X = Spec(OU,x)×A
Y = U ×A over R
Γη = the graph of fη
we conclude that i∗Γ¯ = ∆¯, where ∆¯ is the flat closure over R.
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Since Assumption 3.1.1 holds for the point x the map fη : Spec(L) → Aη extends to
a morphism f˜ : Spec(OU,x) → A and we see that ∆¯ is the graph of f˜ . In particular we
have that ∆¯ ∼= Spec(OU,x) hence it is flat over Spec(OU,x). If we apply Claim 3.1.7 with
T = Γ¯ and X = U we get that pr1 : Γ¯→ U is flat at x. Therefore by Step 3 we conclude
that x ∈ V . This finishes the proof of the Lemma. 
Since all generic points of the special fiber Us satisfy Assumption 3.1.1 we conclude
that they are contained in V .
Step 5: By Step 4 there exists an open dense subscheme V of U , containing the generic
points of the connected components of the special fiber Us over which the morphism
fη : Uη → Aη extends to a morphism fV : V → A over R. It corresponds to a polarized
abelian scheme with level n-structure (AV , λV , αV ) over V .
As V contains strictly the generic fiber Uη and all generic points of the special fiber Us
we have that codimU U \ V ≥ 2. Since U is smooth over R and by assumption e < p− 1
then by a result of Faltings (Lemma 3.6 in [21]) one concludes that AV → V extends to
an abelian scheme A→ U .
Further, by Lemma 1.0.2 the polarization λV extends to a polarization λ : A → At.
Since p does not divide n, the level n-structure αV extends uniquely to a level n-structure
α on (A, λ). Hence we get a polarized abelian scheme (A, λ, α) extending (AV , λV , αV ).
This corresponds to a morphism f : U → A extending fη. 
Remark 3.1.8. We will apply Proposition 3.1.2 to show that the Kuga-Satake morphism
constructed in Proposition 2.5.9 extends over an open part of Spec(OEn), where OEn is
the ring of integers in En. One might want to use the same line of thoughts and try
to extend the Kuga-Satake morphism fksd,a,Ka,Q defined in Proposition 2.5.3 over an open
part of Spec(Z). The problem which one comes up with is to carry on Step 3 in this
situation. One can define an equivalence of the closure Γ¯ of Γ. In general, the morphism
Γ¯ft := pr
−1(Vft) → Vft might not be representable so one cannot use Zariski’s Main
Theorem (Theorem 16.5 in [17]).
3.2. Extension of the Kuga-Satake morphisms. In this section we will use the no-
tations established in §2.5. In particular, we fix two natural numbers d and n and
let us suppose that n ≥ 3. Let γ be a set-theoretic section of the homomorphism
Gal(En/Q)→ Gal(EX/Q). We will show below that the Kuga-Satake morphism fksd,a,n,γ,En
extends over an open part of Spec(OE) where OEn the ring of integers in En.
Theorem 3.2.1. Let d, n ∈ N, n ≥ 3 and suppose that a ∈ C+ satisfies Assumption 2.5.1.
Then the Kuga-Satake morphism fksd,n,a,γ,En : F2d,nsp,En → Ag,d′,n,En extends uniquely to a
morphism
fksd,a,n,γ : F2d,nsp,OEn [1/N ] → Ag,d′,n,OEn [1/N ]
where N = 2dd′nl and l is the product of the prime numbers p whose ramification index
ep in En is ≥ p− 1.
Proof. Let us first shorten the notations a bit by setting F to be F2d,nsp,OEn [1/N ] and A
to be Ag,d′,n,OEn [1/N ]. Let π : U → F be an atlas of F (i.e., an e´tale surjective mor-
phism) over OEn[1/N ]. We may assume that the pull-back of the universal family of
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polarized K3 surfaces to U is a K3 scheme. The map fksd,a,n,γ,En : FEn → AEn defines a
morphism fEn = f
ks
d,a,n,γ,En
◦ πEn : UEn → AEn. We will fist extend fEn to a morphism
over OEn [1/N ] and then using a descent argument show that it comes from a morphism
fksd,a,n,γ : Fd,nsp,OEn [1/N ] → Ag,d′,n,OEn [1/N ].
Let p be a prime ideal of En not dividing N and let R = OEn,(p) be the localization of
OEn at p. As before {s, η} will be the special and the generic points of Spec(R). In order
to apply Proposition 3.1.2 to fEn and UR, which we will denote by U
p, we have to show
that all generic points of the special fiber Ups of U
p satisfy Assumption 3.1.1.
Let x ∈ |Ups | be a generic point. Then OUp ,x is a discrete valuation ring with a max-
imal ideal mx. Let us denote its field of fractions by L. Taking the pull-back of the
universal family of polarized K3 surfaces with spin level n-structures via the canonical
morphism Spec(OUp ,x) → Up we obtain a K3 scheme (X → Spec(OUp ,x), λ, ν). Then
fEn gives a morphism Spec(L) → AEn and let (A, µ, ǫ) be the corresponding abelian
variety over L. It is the Kuga-Satake abelian variety associated to the generic fiber of
(X → Spec(OUp ,x), λ, ν). We can apply Remark 2.5.13 (or alternatively by Lemma 9.3.1
in [1] we conclude that A has potentially good reduction and as the n-torsion points are
L-rational, then A has good reduction) to see that the abelian variety A has good reduc-
tion at mx. In other words the Ne´ron model of A over OUp ,x is an abelian scheme. By
Lemma 1.0.1, the polarization λ extends uniquely over OUp ,x and as p does not divide
n, the level n-structure extends uniquely, as well. Hence the morphism Spec(L) → AEn
extends to a morphism Spec(OUp ,x) → AR. Therefore, by Proposition 3.1.2 applied to
Up, fEn and R = OEn,(p) one can extend fEn : UEn → AEn to a morphism fp : Up → AR.
The morphism fEn can be extended uniquely over OEn,(p) for any p not dividing N .
Hence we conclude that it extends uniquely to a morphism f : U → A over Z[1/N ].
We are left to show that f descends to F2d,nsp,OEn [1/N ]. By Proposition 1.4 in §1, Ch.
II of [13] one has the following exact sequence
0 // HomS(F ,A) α
∗
// HomS(U,A)
pr∗1
//
pr∗2
// HomS(U
′,A)
where U ′ = U ×F U . Note that both pr∗1(f) and pr∗2(f) are extensions of the morphism
pr∗1 ◦π∗(fksd,a,n,γ,En) = pr∗2 ◦π∗(fksd,a,n,γ,En) over OEn [1/N ]. Since U ′ is a smooth scheme over
OEn [1/N ] (Definition 1.1 in [13]) and A is separated just like in Lemma 3.1.3 we conclude
that such an extension is unique. Hence we one has that pr∗1(f) = pr
∗
2(f) and therefore
by the above exact sequence f comes from a morphism
fksd,a,n,γ : F2d,nsp,OEn [1/N ] → Ag,d′,n,OEn [1/N ]
over OEn[1/N ]. 
We end this section with a few remarks concerning the Kuga-Satake morphism in mixed
characteristic.
Remark 3.2.2. In the proof of Proposition 3.1.2 we used a result of Faltings to show that
certain morphisms extend in positive characteristic. This is really an essential step of our
strategy for defining Kuga-Satake abelian varieties in positive characteristic. In Theorem
3.2.1 we have to exclude the primes p for which the ramification index ep is ≥ p − 1, as
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Lemma 3.6 in [21] does not hold for these primes. See Section 6 in [6] and Section 3.4
in [21].
Remark 3.2.3. We use the notations of Theorem 3.2.1. Suppose k is a field of charac-
teristic p such that p does not divide N and let R be a discrete valuation ring of mixed
characteristic (0, p) with field of fractions k. Then to every primitively polarized K3
surface with a spin level n-structure (X, λ, ν) over k we associate via fksd,a,n,γ a polarized
abelian variety with level n-structure (A, µ, ǫ) over k. We will call A the Kuga-Satake
abelian variety associated to (X, λ, ν). Further, if (X1, λ1, ν1) and (X2, λ2, ν2) are two
lifts of (X, λ, ν) over R, then the special fibers of (Ai, µi, ǫi) := f
ks
d,a,n,γ
(
(Xi, λi, νi)
)
, for
i = 1, 2 are the same.
Remark 3.2.4. In characteristic zero one can show that the image fksd,n,a,γ,En(F2d,nsp,En)
in Ag,d′,n,En is locally closed. Indeed, as we saw in Proposition 2.5 the period map is open
and the morphisms β(Kspn ,Λn) and δγ involved in the construction of f
ks
d,n,a,γ,En
are finite
(see Definition 2.5.8). It is interesting to know if the same holds in mixed characteristic.
This question is directly connected to the existence of an analogue of the Ne´ron-Ogg-
Shafarevich criterion for potentially good reduction of K3 surfaces. To our knowledge, in
general, this is still an open problem.
4. Applications
We end this note with some applications of the existence of Kuga-Satake morphisms
in mixed characteristic. In Section 4.1 we show that the e´tale cohomology relations
§6.6.1 [7] and in Definition 4.5.1 in [1] hold for the Kuga-Satake abelian varieties de-
fined in §3.2. Then, in Section 4.2, we study the behavior of fksd,a,n,γ at ordinary points.
Suppose that k is a finite field of characteristic p where p does not divide N (cf. The-
orem 3.2.1) and let (X,L, ν) ∈ F2d,nsp,Fp(k) be an ordinary point. We will prove that
the canonical lift (Xcan,L, ν) over W (k) is mapped to the canonical lift (Acan, µ, ǫ) of
(A, µ, ǫ) = fksd,a,n,γ
(
(X,L, ν)).
4.1. Cohomology groups. Let d and n be two natural numbers and suppose further
that n ≥ 3. With the notations as in Sections 2.5 and 3.2 let a ∈ C+ be an element
satisfying Assumption 2.5.1 and let γ be a set-theoretic section of the homomorphism
Gal(En/Q)→ Gal(EX ,Q). Then we have a Kuga-Satake morphism
fksd,a,n,γ : F2d,nsp,OEn [1/N ] → Ag,d′,n,OEn [1/N ]
where N = 2dd′nl and l is the product of the prime numbers p whose ramification index
ep in En is ≥ p− 1.
Let k be a field of characteristic p and suppose given a k-valued point (X, λ, ν) ∈
F2d,nsp,OEn [1/N ]. Denote by (A, µ, βn) the polarized Kuga-Satake abelian variety with level
n-structure fksd,a,n,γ((X, λ, ν)).
Lemma 4.1.1. With the notations as above one has and isomorphism of Gal(k¯/k)-
modules
C+
(
P 2et(Xk¯,Zl(1))
) ∼= EndC+(H1et(Ak¯,Zl))
for any l 6= p.
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Proof. Let (X , λ, ν) be a lift of (X, λ, ν) over W (k) (which exists because F2d,nsp,OEn [1/N ]
is smooth over OEn[1/N ]) and let (A, µ, ǫ) be the Kuga-Satake variety fksd,a,n,γ
(
(X , λ, ν)).
By Corollary 2.5.12 we have an isomorphism of Gal(K¯/K)-modules
C+
(
P 2et(XK¯ ,Zl(1))
) ∼= EndC+(H1et(AK¯ ,Zl))
for any l. Hence if l 6= p one can apply the smooth base change theorem for e´tale
cohomology to prove the claimed isomorphism. 
Remark 4.1.2. Note that one can use this isomorphism in case k = Fq to compute the
Newton polygon of A in terms of the Newton polygon of X . For instance one can see that
if X is ordinary then A is also ordinary. We refer to Proposition 2.5 in [24] for a proof.
4.2. Canonical lifts of ordinary K3 surfaces. Let k be a perfect field of characteristic
p > 0 and let W (k) be the ring of Witt vectors. Suppose given an ordinary K3 surface
X0 over k. Denote by X /S the universal deformation of X0 over W (k). We know that S
is formally smooth of dimension 20 (see Corollary 1.2 in [8]).
In Section IV of [4], Artin and Mazur define the enlarged formal Brauer group ΨX0 ofX0
which is a p-divisible group over k and such that its connected component Ψ0X0 is Bˆr(X0).
With the notations of Section 4.1 in [26], let R ∈ A be a local artinian ring with residue
field k and let (X → Spec(R), φ) be a deformation of X0 over R. Then the enlarged
formal Brauer group ΨX over Spec(R) exists. It is a p-divisible group over Spec(R) and
the isomorphism φ induces an isomorphism of p-divisible groups over Spec(k)
φBr : ΨX ⊗R k → ΨX0.
In other words ΨX is a lifting of ΨX0 over R. Let
DefSch(X0) : A→ Sets
be the covariant deformation functor defined in Section 4.1 in [26] and let
DefBrX0 : A→ Sets
be the covariant functor
DefBrX0(R) =
{
isomorphism classes of pairs (G, φ) where G is a
p− divisible group over R and φ : G⊗R k ∼= ΨX0
}
.
We have the following Serre-Tate theory for ordinary K3 surfaces:
Theorem 4.2.1 (Nygaard). For any R ∈ A the map
DefSch(X0)(R)→ DefBrX0(R)
defined by
(X → Spec(R), φ) 7→ (ΨX , φBr)
is a bijection.
Proof. For a proof we refer to Theorem 1.1 in [24]. 
Let G be a lifting of ΨX0 over R. Since height one groups are rigid, we have precisely
one lifting G0R of Bˆr(X0) = Ψ
0
X0
to Spec(R). Similarly, e´tale groups are also rigid so there
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is a unique lift GetR of Ψ
et
X0
to Spec(R). So we for any lifting G of ΨX0 to Spec(R) we have
en exact sequence
0→ G0R → G→ GetR → 0
lifting
0→ Bˆr(X0)→ ΨX0 → ΨetX0 → 0
over Spec(R).
If we consider the trivial extension G = G0R ×GetR , then by Theorem 4.2.1 above there
is a unique lifting XcanR of X0 over Spec(R) such that ΨXcanR = G
0
R ×GetR . For any n ∈ N
taking R = Wn we obtain a lifting Xn = X
can
Wn
. The projective system {Xn} defines a
proper flat formal scheme {Xn} over Spf(W ). It is algebrizable and defines a K3 scheme
Xcan over Spec(W ) called the canonical lift of X0. Every line bundle of X0 lifts uniquely
to a line bundle on Xcan. For a proof of these facts we refer to Proposition 1.8 in [24].
With the notations established in Section 2.5 let d and n ≥ 3 be two natural numbers,
and let a ∈ C+ be an element satisfying Assumption 2.5.1. Choose a set-theoretic sec-
tion γ of the homomorphism Gal(En/Q) → Gal(EX/Q) so that we have a Kuga-Satake
morphism
fksd,a,n,γ : F2d,nsp,OEn [1/N ] → Ag,d′,n,OEn [1/N ]
where N = 2dd′nl and l is the product of the prime numbers p whose ramification index
ep in En is ≥ p − 1. Let k = Fq be a finite field and suppose given an ordinary point
(X0,L0, ν0) ∈ F2d,nsp,OEn [1/N ](k) (in particular p does not divide N). Denote by (Xcan,L)
the canonical lift of X0 to W . The spin level n-structure ν0 also lifts uniquely to a spin
level n-structure on Xcan as p does not divide N . Denote by (Aks, µ, ǫ) the abelian scheme
fksd,a,n,γ
(
(Xcan,L, ν)) over Spec(W ) and let (A0, µ0, ǫ0) be the triple (Aks, µ, ǫ)⊗ k over k.
The following result was suggested to us by B. Moonen.
Proposition 4.2.2. The abelian scheme Aks is the canonical lift of A0 over Spec(W ).
Proof. By Theorem 2.7 in [24] we know that, after a base change R′ → R, the abelian
scheme Aks is isogenous to the canonical lift Acan of A0. Hence we conclude that A
ks is a
quasi-canonical lift.
Let
Def(A0,µ0) : A→ Sets
be the covariant functor
Def(A0,µ0)(R) = {isom. classes of polarized abelian schemes (A, µ, φ) over R
and an isomorphism φ : (A, µ)⊗R k → (A0, µ0)}.
This functor is representable by a formal smooth scheme A(A0,µ0) which has a structure
of a formal torus. For details we refer to Theorems 1.2.1 and 2.1 in [12] and Ch. III, §1
of [20].
The lift Aks/W defines a point s ∈ A(A0,µ0)(W ). Just like in Lemma 1.5 in Chapter III,
§ 1 in [20] we conclude that since Aks is a quasi-canonical lift then s is a torsion point.
As A(A0,µ0)(W ) is l-divisible for all l 6= p we have that spm = 1 ∈ A(A0,µ0)(W ). But s
is defined over W which is unramified and any pm torsion point is defined over ramified
rings unless m = 0. Hence, s = 1 which corresponds to the canonical lift in the Serre-Tate
coordinates. Therefore, Aks is the canonical lift of its special fiber. 
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Let p be a prime ideal of OEn which does not divide N and let k := OEn/p be its residue
field. It is a finite field and let p be its characteristic. Let R be the localization of OEn at
p. It is a discrete valuation ring with a residue field k. Let F (2)2d,nsp,k be the non-ordinary
locus of F2d,nsp,k (see Section 1 in [30]). It is a closed subspace of F2d,nsp,k and we consider
Ford2d,nsp,R := F2d,nsp,R \ F (2)2d,nsp,k
which is an open subspace of F2d,nsp,R.
Corollary 4.2.3. The restriction of the Kuga-Satake morphism
fksd,a,n,γ,R : Ford2d,nsp,R → Ag,d′,n,R
is quasi-finite.
Proof. Note first that fksd,a,n,γ,En is a quasi-finite morphism. Indeed, by construction (see
Definition 2.5.8) we have that fksd,a,n,γ,En = β(Kspn ,Λn) ◦ δγ ◦ jd,Ka,En where
jd,Kan,En : F2d,nsp,En → ShKspn (G,Ω±)En
is an e´tale morphism of noetherian schemes and
β(Kspn ,Λn) ◦ δγ : ShKspn (G,Ω±)En → Ag,d′,n,En
is a quasi-finite morphism. Therefore fksd,a,n,γ,En is a quasi-finite morphism. To finish the
proof we have to show that for any k¯-valued point y ∈ Ag,d′,n,k(k¯) there are only finitely
may k¯-valued points x ∈ Ford2d,nsp,k(k¯) such that fksd,a,n,γ,k(x) = y.
Suppose that (X1, λ1, ν1) and (X2, λ2, ν2) are two ordinary K3 surfaces over a finite field
L ⊂ k in F2d,nsp,k(L) such that
fksd,a,n,γ,k
(
(X1, λ1, ν1)
)
= fksd,a,n,γ,k
(
(X2, λ2, ν2)
)
= (A, µ, ǫ).
Taking a finite extension of L, if needed, we may assume that λ1 and λ2 are classes of ample
line bundles L1 and L2 on X1 and X2, respectively. Let (Xcan1 ,L1, ν1) and (Xcan2 ,L2, ν2)
be the two canonical lifts over W (L). Denote the field of fractions of W (L) by K. We
have that (X1,L1, ν1) ∼= (X2,L2, ν2) if and only if (Xcan1 ,L1, ν1)⊗K ∼= (Xcan2 ,L2, ν2)⊗K.
By Proposition 4.2.2 we have that
fksd,a,n,γ,En
(
(Xcan1 ,L1, ν1)⊗K
)
= fksd,a,n,γ,k
(
(Xcan2 ,L2, ν2)⊗K
)
= (Acan, µ, ǫ)⊗K
hence we conclude the fksd,a,n,γ,k is quasi-finite from the fact that f
ks
d,a,n,γ,En
is quasi-finite.

Combining Theorem 16.5 in [17] and Corollary 6.16 in Ch. II, §6 of [13] with the
preceding corollary we obtain the following result.
Corollary 4.2.4. There exists a scheme Z over R, a finite morphism π : Z → Ag,d′,n,R
and an open immersion i : Ford2d,nsp,R →֒ Z such that fksd,a,n,γ,R = π◦i. Therefore the algebraic
space Ford2d,nsp,R is a scheme.
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